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ABSTRACT
Mathematics is a discipline of academia that can be found everywhere in the world around
us. Mathematicians and scientists are not the only people who need to be proficient in num-
bers. Those involved in social sciences and even the arts can benefit from a background in
math. In fact, connections between mathematics and various forms of art have been discov-
ered since as early as the fourth century BC. In this thesis we will study such connections
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Mathematics is a discipline of academia that can be found everywhere in the world. Many
study mathematics simply because they are fascinated by the new theories and abstract
concepts to be discovered. Others, however, immerse themselves in mathematics because
of the tangible connections this ancient discipline has with our daily life. Engineers, ac-
countants, physicists, computer scientists, and many others have built their career upon a
certain area of math.
A key fact that is often forgotten in the classroom is that mathematics is relevant to
all. Mathematicians and scientists are not the only people who need to be proficient in
numbers. Those involved in social sciences and the arts can benefit from a background in
math. We will examine the connection between mathematics and various forms of art such
as dance and music.
From classical tap and ballet to styles such as the waltz, all types of dance include
various forms of patterns and symmetry. Similarly, the music that serves as a background
for these symmetrical dances have patterns woven throughout them. While musicians rec-
ognize what notes harmonize with others to make the ideal composition, mathematicians
understand the theory and ancient patterns that allow combinations such as a third or a fifth
on the piano to be so melodious to the human hear. Areas of study such as the arts and the
mathematical sciences are not often thought to be related. However, mathematical disci-
plines, especially those including patterns and symmetries, are all around us, especially in
dance and music.
The relation between mathematics and art forms such as dance and music have been
explored for years. Ancient Greeks such as the Pythagoreans studied the mathematics that
serve as the structure for musical patterns such as octaves. [1]. More recently, patterns
have been studied in relation to dance, ancient and modern styles alike [2]. We will explore
6several of these patterns as a foundation for the continuation into the study of mathematics
and music.
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SYMMETRY IN MATHEMATICS AND DANCING
Among many other things, symmetry is one of the most common connections between
mathematics and dancing. Examples can be found in studies and books such as Discovering
the Art of Mathematics: Dance [2]. In the rest of this section, we explore several different
kinds of symmetries.
2.1 REFLECTIONAL SYMMETRY
First, reflectional symmetry is one of the most common symmetries observed every day.
This is the type of symmetry seen in a mirror. As you move your right arm, the reflection in
the mirror performs the same action as if it were mimicking you. It is a type of symmetry
where one half of the reflection is the exact same image of the other half (Figure 2.1). For
exactly this reason the reflectional symmetry is also called the mirror symmetry.
Figure 2.1: An example of reflectional symmetry in dancing [3]
Mathematically, if a mirror is placed at y = 0 in the xy-plane, then the mirror image,
under reflectional symmetry, of a function f(x, y) = 0 is f(x,−y) = 0. For example, the
mirror image of y = sinx is y = − sinx. As another example, Figure 2.2 shows a function
8f(x) = x2 which is itself symmetric with respect to the y-axis.
Figure 2.2: An example of a function symmetric with respect to the y-axis [4]
2.2 ROTATIONAL SYMMETRY
Another common symmetry is rotational symmetry. An example of this may be seen when
two dancers perform the same motion. If two people are facing each other, a rotational
symmetry would be for both figures to move their left hand. It would appear as if the
person across from you has moved their right hand, but if they were to be moved to a
different location while remaining in the same orientation (or if they were rotated about a
point), both figures would be standing with their left hands raised. Whenever one considers
rotational symmetry, a center of rotation is required.
Mathematically, if a curve is rotated 180◦ and the image is the same as before, then
it has symmetry with respect to the origin. This is an example of an odd function where
f(−x) = −f(x). In addition, if an object is rotated 360◦ then it is identical to the given
function.
In Figure 2.3 the colored petals are symmetric to each other with respect to the origin,
hence they are the result of 180◦ rotation of each other.
9Figure 2.3: An example of rotational symmetry [5]
2.3 TRANSLATIONAL SYMMETRY
The third type of symmetry, which is in fact the simplest, is translational symmetry. This
symmetry occurs where an image of an object is moved along a straight line. For example,
imagine an object being carried from point A to point B. As long as the orientation of the
object does not change, this is translational symmetry.
Mathematically, this is to take any point on
f(r) = 0
and shift it along a given vector (a directed line segment). If the vector is v, then the result
of this translational symmetry is
f(r − v).
2.4 SWITCHING BETWEEN SYMMETRIES
So far, we have introduced three main types of symmetries, as shown in Figure 2.4. It is
natural to understand the need to switch between symmetries in a dance. A skilled dance
company will utilize the entirety of a stage, so these transitions from place to place can be
described by the composition of symmetries.
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Figure 2.4: An illustration of three symmetries [6]
When moving between three symmetries on a line, translational symmetry may only
be executed on a vector j or −j (translational symmetry occurs when an image is moved
along a vector). If this symmetry is to occur on one line, say the x-axis, it is unable to move
along the y-axis. Therefore, the only options are for it to move along the x-axis at positive
or negative values.
2.5 GLIDE SYMMETRY
Lastly, a glide symmetry is a mirror image translated parallel to the mirror. If you were to
look in a mirror and see your reflection not in front of you but beside you, this would be a
glide reflection. Similarly to the discussion before, this symmetry occurs on the line, and
remaining on this line will allow one to switch between all four symmetries.
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CHAPTER 3
COMPOSITIONS OF SYMMETRIES AND THE KLEIN-4 GROUP
As we have already discussed, switching between symmetries automatically results in com-
positions of symmetries (if each symmetry is considered as a function). For the purpose of
illustrating the translation, rotational, reflectional, and glide symmetries, in Figure 3.1 we
provide figures for each of them (from left to right).
Figure 3.1: Illustrations of the four symmetries along a line [8]
To see an example of the compositions of symmetries, consider a mirror symmetry
followed by a rotational symmetry, yielding gliding symmetry as a result. This is shown in
Figure 3.2.
Table 3.1 represents every combination of two symmetries possible where types of
symmetries are in the group S and its elements are translational, mirror, reflectional, and
glide symmetries:
S = {T,M,R,G}
This special set is called the Klein-4 Group (a well known concept in Abstract Algebra
[7]), and it is defined as
Z2 × Z2 : the direct product of two copies of the cyclic group of order two
where “Z2 × Z2”, simply denoted by V below, contains compositions seen in Table 3.1.
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Figure 3.2: The composition of mirror and rotational symmetries [8]
Table 3.1: The Klein-4 Group of Symmetries
Translational Mirror Rotational Glide
Translational T M R G
Mirror M T G R
Rotational R G T M
Glide G R M T
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Note that V satisfies the following:
• the set is closed;
• associativity holds;
• an identity (T ) exists;
• every element has an inverse.
Hence V is indeed a group with composition as the binary operation, and Table 3.1 is
the Cayley table [7] for this group.
To see that V = Z2 × Z2, we may represent each symmetry with an ordered pair
where each entry represents a move. The first entry represents symmetry about the x-axis
as if the object were standing directly above it. The second coordinate represents symmetry
about the y-axis as if the line of symmetry were running through the middle of the subject.
Similarly, positive one represents no change while negative one represents a change in
symmetry. For instance, the translational symmetry corresponds to (1, 1) as there is no
change in the position in either directions. On the other hand, the reflectional symmetry
corresponds to (−1, 1) as there is a change with respect to the horizontal axis but not the
vertical axis.
We may now describe the compositions using these notations. For example, referring
back to Figure 3.2, a gliding symmetry can be described by a composition of a reflectional
symmetry followed by a rotational symmetry. First, the reflectional symmetry occurs, rep-
resented by (−1, 1). Second, the rotational symmetry occurs, represented by (−1,−1).
Together, we have
(−1, 1) ◦ (−1,−1, ) = (1,−1)
where
(a, b) ◦ (c, d) = (ac, bd).
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Of course, (1,−1) corresponds to having no action with respect to the x-axis but a change




Mathematical patterns are not only found within the structure of dance but also in the
foundation of music. Before we make any of these connections, we must define a few basic
principles of music:
Definition 1. [Pitch] A pitch is a note determined by the frequency of air pressure variations
or “a subjective sensation in response to a note.”
Definition 2. [Frequency] Frequency is the rate at which an air pressure pattern recurs;
determines how high or low the corresponding pitch will be ([1]).
4.1 RATIOS AND NUMERICAL RELATIONSHIPS
Sounds are created by variations in air pressure, and there is a direct relationship between
these variations and the volume of a sound. Large variations create loud sounds just as
smaller variations produce softer sounds. The rate of these variations is referred to as
the frequency, and each frequency determines the particular pitch of a sound. Even more
interesting than the science behind these sounds is the patterns that can be found in the
creation of different notes.
Take into consideration the organization of keys on a piano. Notes are labeled as
letters ‘A’ through ‘G’ creating a set of seven notes. There are eight sets of these notes on
a piano, creating eight octaves, an octave simply being a set of eight.
For example, one ‘A’ to the next ‘A’ creates an octave, and when the two notes are
played simultaneously, a harmonious sound is created. This occurs because while the sec-
ond key has a higher frequency than the first (that is, the variations in the air occur at a
greater rate), there is a mathematical relationship among the two. If first ‘A’ on the piano
has a frequency of 27.5 Hertz, then the second ‘A’ is a frequency of 55 hertz, a numeri-
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cal representation double that of the original. This number is continuously doubled as the
octave increases, resulting in a frequency of 27.5× 27 for the highest ‘A’.
Octaves are not the only sets of notes that sound melodious when played together.
While octaves contain relationships of a numerical double or half, other composition pat-
terns, such as a fifth, are related by more non-uniform fractions.
Figure 4.1: Organization of keys on a piano [9]
There are endless combinations that a composer may choose when creating a piece
of music. However, how do they know which notes will sound the best together? Let
us look at a note ‘C’ for example. If we consider the note ‘C’ as the number one and
count up to number 5, the fifth note is the note ‘G’. Then, the combination of notes C and
the succeeding G is called a 5th. Similarly to the numerical relationships of octaves, the
frequency of the 5th note is 3/2 that of the original. Thus, we can say that ‘C’ raised to the
5th is ‘G’ and the frequency of that note is 3/2 that of ‘C’.
There are similar patterns for notes raised to a 3rd, 4th, and 6th, listed in Table 4.1.
4.2 SEMITONES
When we refer to two notes as being a “fifth” apart, this simply refers to the white keys of
the piano. In actuality, a total of seven keys are covered in the span of a “fifth” when you
include both black and white keys. That is to say that raising a note to the “fifth” raises the
note seven semitones, a semitone being defined as the following:
Definition 3. [Semitone] A semitone is the interval between successive piano keys
17
Table 4.1: Frequency Patterns.











That is, if we have a note with frequency f and we raise this note by a fourth then by









While the resulting frequency is 20
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that of the original, it spans 14 semitones: a fourth
rises 5 semitones, a sixth rises 9 semitones, and together, the resulting note is 14 semitones
higher than the original.
4.3 MUSICAL SHIFTS
Just as transpositions are part of the important mathematical background of dance and
choreography, musicians can also utilize a transposing, or shifting, of notes to compose
their pieces. This is just one tool that may be used in creating a melodious piece of music,
executed simply by shifting a portion of the composition to a lower or higher pitch. This
can allow music to build anticipation and melt together to produce a masterpiece.
Measures of music are often transposed in terms of semitones. If a note is transposed
by seven semitones for example, it is notated as T7 where “Tn” is short for “transposition
by n semitones.” Table 4.2 demonstrates how transpositions may be defined in a group of
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integers modular 12.
Table 4.2: Transpositions in the Group.
T0 T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11
T0 T0 T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11
T1 T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T0
T2 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T0 T1
T3 T3 T4 T5 T6 T7 T8 T9 T10 T11 T0 T1 T2
T4 T4 T5 T6 T7 T8 T9 T10 T11 T0 T1 T2 T3
T5 T5 T6 T7 T8 T9 T10 T11 T0 T1 T2 T3 T4
T6 T6 T7 T8 T9 T10 T11 T0 T1 T2 T3 T4 T5
T7 T7 T8 T9 T10 T11 T0 T1 T2 T3 T4 T5 T6
T8 T8 T9 T10 T11 T0 T1 T2 T3 T4 T5 T6 T7
T9 T9 T10 T11 T0 T1 T2 T3 T4 T5 T6 T7 T8
T10 T10 T11 T0 T1 T2 T3 T4 T5 T6 T7 T8 T9
T11 T11 T0 T1 T2 T3 T4 T5 T6 T7 T8 T9 T10
You may notice that T0 is the identity of this group. Every transposition combined
with that of T0 results in the original transposition. Similarly, because there are twelve
semitones in an octave, T12 is equivalent to the identity, hence this group is equivalent to
Z12. While raising a measure of music by 12 semitones does indeed change the sound of
the notes, this transposition brings an ‘A’, for example, to the next ‘A’ on the keyboard.
Thus it is treated as an identity.
Shifts in music can be layered together just as various symmetries may be combined
to result in another type of symmetry. Besides transposition, the more commonly used
musical shift is a retrograde. A retrograde organizes a piece of music in reverse order, or it
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flips it from left to right. Inversions, the flipping of music from up to down, is also a widely
used shift.
Let us note several behaviors of these operations. First, two retrograde operations,
noted simply as RR, may serve as an identity. The operation R simply flips a portion of
music from left to right. Doing so twice, however, in the form of RR returns the music
back to its original state. Additionally, transpositions and retrogrades possess associative
properties. The operations RT2 is equivalent to T2R. In other words, flipping music from
left to right then shifting it by two semitones yields the same result as shifting then flipping
the notes. Interestingly, inversions do not interact with transpositions quite as nicely.
There is only one way to reverse something. There is, therefore, only one retrograde.
However, there may be multiple inversions for a portion of music depending on what one
chooses as the point of inversion.
Think of an inversion in terms of the reflectional symmetry discussed in Section 2.1:
an inversion is essentially a form of reflectional symmetry rotated about a given note. A bar
of music could be reflected about any note, resulting in more than one possible inversion.
Any note ‘C’ tends to be a central note for any piano piece - thus an inversion about
the letter ‘C’ is noted simply as I . Notice that II results in a transposition of 0, T0, and
the combination of inversions and retrogrades are associative. In other words, IR = RI .
Because there is more than one way to perform an inversion and a transposition, however,
there is a more complex underlying pattern behind the combination of these shifts:
ITn = T12−nI
While this pattern may be complex, the behavior of transpositions and retrogrades can
be defined using a more well known group - the dihedral group.
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4.4 DIHEDRAL GROUPS
Traditionally, dihedral groups are defined as the following.
Definition 4. [10] For n ≥ 3, the dihedral group Dn is defined as the rigid motions of the
plane preserving a regular n-gon, with the operation being composition.
There are two operations in this group: reflection and rotation. Look at a do-decagon
for example.
This figure may be reflected about twelve different vertices. Both of these operations
are applicable to a special dihedral group in terms of music and semitones.This dihedral
group could be defined as
D12 = Z12 × Z2
where Z12 represents a transposition, or shift, of the twelve semitones and Z2 represents a
retrograde, flipping a piece of music from left to right.
Let us note that while these operations occur in composition, they are not commuta-
tive. For example, take a counterclockwise rotation of 3 and a reflection. Rotating then
reflecting produces a different result than the opposite - reflecting then rotating, as shown
in Figure 4.4. This is an interesting facet of this group, and the same observation can be
made in music composition.
Figure 4.2: An example of retrogrades and inversions [11]
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Figure 4.3: The original location [12]
Figure 4.4: Rotation followed by reflection (on the right) and reflection followed by rotation




So much of music and composition is rooted on a foundation of patterns, just as mathe-
matics. Bertrand Russell once said, “The pure mathematician, like the musician, is a free
creator of his world of ordered beauty.” This is an exquisite and accurate representation
of the foundation of these two entities. Mathematics is a subject that is so often under-
appreciated, but little does the world know how essential it is to the joys of life. Math
is everywhere from the theory of the engineering industry and basis of accounting and
finance, to the foundation of ancient artist’s inspiration. This foundation, the simple de-
light in mathematics for the sake of knowing more about the subject, is that of the purest
form. A search for underlying patterns and symmetries while listening to classical artists
or watching a traditional ballet will certainly uncover the math embedded in the art.
23
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